Abstract. In this paper, we study some properties of spaces having countable tightness and spaces having weakly countable tightness. We obtain some necessary and sufficient conditions for a space to have countable tightness. And we introduce a new concept of weakly countable tightness which is a generalization of countable tightness and show some properties of spaces having weakly countable tightness.
Introduction
All spaces under considered here are always assume to be infinite and T 1 . Our terminology is standard and follows [4] and [15] .
We recall some definitions which will be used in this paper. The tightness [2] of X is the smallest infinite cardinal τ such that for any subset A of X and any point x ∈ X, there exists a subset B of X for which |B| τ and x ∈ B. Countable tightness is an important concept in topological spaces. A space having countable tightness (also called closure countable [15] or c-space [11] ) has been studied by several authors (see [2] , [6] , [7] , [8] , [11] and [12] ). A space X is sequential [5] if and only if for each subset A of X which is not closed in X, there are x ∈ A \ A and a sequence (x n ) of points of A such that (x n ) converges to x in X. It is well-known that a countable space as well as a space in which every subspace is separable has countable tightness, every first countable space is sequential and every sequential space has countable tightness. But, the converses need not be true in general (see [1] , [2] , [5] , [7] , [8] and [12] ).
A subset A of a space X is sequentially closed [5] if and only if no sequence of points of A converges to a point not in A. A subset U of a space X is sequentially open [5] if and only if each sequence of points of X converging to a point in U is eventually in U . It is well-known that a space X is sequential if and only if every sequentially closed set in X is closed if and only if every sequentially open set in X is open (see [5] and [8] ).
A sequence (x n ) of points of a space X accumulates to a point x in X [4] if and only if for each open set U in X containing x and each m ∈ N, there exists n ∈ N such that m n and x n ∈ U ; that is, for each open set U in X containing x, (x n ) is frequently in U . A subset A of a space X is a strongly sequentially closed [8] set in X if and only if no sequence of points of A accumulates to a point not in A. A subset A of a space X is a strongly sequentially open [8] set in X if and only if each sequence of points of X accumulating to a point in A is frequently in A.
Recently, in [8] , the author showed that every open (closed) set is strongly sequentially open (strongly sequentially closed) and every strongly sequentially open (strongly sequentially closed) set is sequentially open (resp. sequentially closed) and the converses need not be true in general. And he prove that a space X has countable tightness if and only if every strongly sequentially open set in X is open if and only if every strongly sequentially closed set in X is closed.
For each subset A of a space X, let [A] c = {x ∈ X : x ∈ C for some countable subset C of A},
[A] seq = {x ∈ X : (x n ) converges to x in X for some sequence (x n ) of points of A}.
The functions [·] c and [·] seq from the power set P(X) of X into P(X) itself are called the c-closure operator [8] and the sequential closure operator [1] on X, respectively.
It is clear that the c -closure operator [·] c satisfies the Kuratowski closure axioms (see [8] ). However, the sequential closure operator [·] seq satisfies the Kuratowski closure axioms except for idempotency in general (see [1] , [7] and [8] ).
Obviously, for each subset A of a space X,
Note that a subset A of a space X is strongly sequentially closed (sequentially closed) if and only if A = [A] c (resp. A = [A] seq ) and a space X has countable tightness (is sequential) if and only if for each subset A of X, [A] c = A (resp. A = [A] seq implies A = A) (see [8] ).
In this paper, we study some properties of sequential spaces, spaces having countable tightness and spaces having weakly countable tightness. We obtain some necessary and sufficient conditions for a space to have countable tightness and for a space to be sequential, respectively. And we introduce a new concept of weakly countable tightness which is a generalization of countable tightness. We show the following:
Let X be a countably compact and submaximal space. Then X has countable tightness if and only if X is a k -space having weakly countable tightness.
Every closed subspace of a space having weakly countable tightness has weakly countable tightness.
Let f : X → Y be a continuous, open and surjective function from a space X having weakly countable tightness onto a space Y satisfying for each open set U in X, f −1 (f (U )) = U . Then Y has weakly countable tightness.
Results
We begin by characterizing sequentially closed sets and strongly sequentially closed sets.
Lemma 2.1. ([9, Lemma 2.2]) Let X be a Hausdorff space. A subset A of X is sequentially closed if and only if for each sequence (x n ) in X converging to a point x of X, A ∩ ({x n : n ∈ N} ∪ {x}) is closed, where {x n : n ∈ N} is the range of (x n ).
Note that a space X is sequential if and only if for a subset A of X,
Theorem 2.2. A necessary and sufficient condition for a Hausdorff space X to be sequential is that if for each subset A of X and each sequence (x n ) in X converging to a point x of X, A∩({x n : n ∈ N}∪{x}) is closed, then A is closed.
Proof. It follows immediately from Lemma 2.1. Note that a space X satisfies property ( * ) if and only if for each countable subset C of X, the subspace C of X has countable tightness.
Since countable tightness is hereditary, it is clear that every space having countable tightness satisfies property ( * ). But, the converse need not be true in general as shown by examples below. Example 2.6. The space of ordinals X = [0, ω 1 ], where ω 1 is the first uncountable ordinal, is a Hausdorff compact space. It is clear that for each countable subset C of X, the subspace C of X has countable tightness. Hence, X satisfies property ( * ). But, it is well-known that X does not have countable tightness. Example 2.7. Let X be an uncountable set and p a particular point of X. Define a topology for X as follows. For each x ∈ X with x = p, {x} is open. A subset U of X with p ∈ U is open if and only if X \ U is countable. Then the space X is Hausdorff (see [13, Fortissimo space]). And X satisfies property ( * ). For, let C be a countable subset of X, obviously C is closed and hence for each subset A of C, A is countable. Thus A is closed and so A = [A] c = A. Therefore, X satisfies property ( * ). But, X does not have countable tightness. For, p ∈ X \ {p} and there does not exist a countable subset C of X \ {p} such that p ∈ C.
Theorem 2.8. If for each countable subset C of a space X, |C \C| ℵ 0 , then X satisfies property ( * ).
Proof. Let C be a countable subset of a space X. Then by hypothesis; |C\C| ℵ 0 , C is countable and hence the subspace C of X has countable tightness. Thus, X satisfies property ( * ).
Note that the space X, in Example 2.6, satisfies the condition that for each countable subset C of X, |C \ C| ℵ 0 , but X does not have countable tightness. And we know that the converse of Theorem 2.8 is not true. For, the real line R with the usual topology has countable tightness and |Q \ Q| > ℵ 0 , where Q is the set of all rational numbers.
We recall that a space X is submaximal [3] 
X is open if and only if every subset of X with empty interior is closed and discrete (see [3] and [10] ).
Lemma 2.9. For each subset A of a countably compact and submaximal space X, |A \ A| < ℵ 0 .
Proof. Since X is submaximal, for each subset A of X, A \ A is closed and discrete (see [10, Theorem 3.2] ). Since X is countably compact and A \ A is closed, A \ A is countably compact. Note that since every infinite subset of a countably compact space has a limit point, every infinite discrete space is not countably compact. Thus |A \ A| < ℵ 0 . Theorem 2.10. Every countably compact and submaximal space X satisfies property ( * ).
Proof. It follows from Theorem 2.8 and Lemma 2.9.
Lemma 2.11. Let X be a space satisfying property ( * ). A subset A of a space X is strongly sequentially closed if and only if for each countable subset C of X, A ∩ C is closed. Theorem 2.12. Let X be a space satisfying property ( * ). A necessary and sufficient condition for a space X to have countable tightness is that if for each subset A of X and each countable subset C of X, A ∩ C is closed, then A is closed.
Proof. It follows from Lemmas 2.4 and 2.11. Corollary 2.13. Let X be a countably compact and submaximal space. A necessary and sufficient condition for a space X to have countable tightness is that if for each subset A of X and each countable subset C of X, A ∩ C is closed, then A is closed.
Proof. It follows from Theorems 2.10 and 2.12.
We recall that a subset A of a space X is a k-closed set [9] if and only if for each compact subset K of X, A ∩ K is closed. A space X is a k-space [9, 14] ( kq-space [9] ) if and only if every k -closed set is closed (resp. every sequentially closed set is k -closed). In [9] , S. Lin and C. Zheng showed that every sequential space is a k -space as well as a kq -space and a space X is sequential if and only if X is a k -space and a kq -space.
We now introduce a new property of a space which is a generalization of countable tightness. Definition 2.14. A space X has weakly countable tightness if and only if every strongly sequentially closed set is k-closed.
From definitions and Lemmas and Theorems above, we have easily the following implications. It is well-known that the inverses of implications above except for "countable tightness → weakly countable tightness", "kq → weakly countable tightness", and "weakly countable tightness → ( * )" need not be true in general (see [9] , [12] , [14] and [15] ).
From the following examples, we see that every space having weakly countable tightness is neither a kq-space nor a space having countable tightness and every space satisfying property ( * ) need not have weakly countable tightness in general.
Example 2.15. In Example 2.7, we showed that the space X does not have countable tightness. Since every countable subset of X is closed, it is easy to check that for each subset A of X, A = [A] c ; i.e., A is a strongly sequentially closed set in X. And we show that a subset K of X is compact if and only if K is finite. Suppose that there exists a compact subset K of X such that |K| ω. Either p / ∈ K or p ∈ K. If p / ∈ K, then since K = {{x} : x ∈ K} and {x} is open for each x ∈ K, K is not compact. This is is a contradiction. If p ∈ K, then there exists a subset A of K such that p / ∈ A, |A| = ω and |K \ A| ω. Hence, p ∈ X \ A and X \ A is open. Clearly,
So, we see that {{x} : x ∈ A} ∪ {X \ A} is an open over of K. Since K is compact, there exists a finite subcover. But, there does not exist any finite subcover. This is a contradiction. The converse is trivial. Now we claim that X has weakly countable tightness. Let A be a strongly sequentially closed set in X and K a compact subset of X. Then by the fact shown above, A ∩ K is finite and hence closed. Therefore, X has weakly countable tightness, but does not have countable tightness. Example 2.16. Let βN be the Stone-Čech compactification of the positive integer set N with the discrete topology, p is an element of βN \ N and q / ∈ βN. Let X = N ∪ {p, q} with a topology as follows: a subset U of X is open in X if either q ∈ U and X \ U is finite or U is open in the subspace N ∪ {p} of βN. Then clearly the space X is a T 1 -space having countable tightness since X is countable, and hence X has weakly countable tightness. In [9, Example 2.4], the author showed that X is compact and N ∪ {q} is sequentially closed in X, but N ∪ {q}(= (N ∪ {q}) ∩ X) is not closed. Thus, we see that X is not a kq -space.
Example 2.17. The space of ordinals X = [0, ω 1 ], in Example 2.6, satisfies property ( * ). Note that [0, ω 1 ) is a strongly sequentially closed set in X. Since X is compact and and [0,
is not a k -closed set in X and hence X does not have weakly countable tightness.
From definitions, we have immediately the following theorem and hence we omit the proof.
Theorem 2.18. If a space X is a k -space having weakly countable tightness, then X has countable tightness.
Remark 2.19. It is well-known that the subspace X = N ∪ {p} of βN, in Example 2.16, is not a k -space (see [15, Sec. 8 
.3, Problems 103]).
Obviously, X has countable tightness. Hence, we know that the converse of Theorem 2.18 need not be true. Note that a k -space does not have countable tightness in general (see [11, Example 2.7] ). Theorem 2.20. If a countably compact and submaximal space X has countable tightness, then X is a k -space.
Proof. Suppose that it is not. Then there exists a subset A of X such that for each compact subset K of X, A ∩ K is closed and A is not closed. By Lemma 2.9, |A \ A| < ℵ 0 , let A \ A = {x 1 , x 2 , ..., x n }. Since X has countable tightness, there are subsets C 1 , C 2 , ..., C n of X such that for each i ∈ {1, 2, ..., n}, C i is countable and
By Lemma 2.9, for each i ∈ {1, 2, ..., n}, |C i \ C i | < ℵ 0 and hence |D| ℵ 0 . Since X is countably compact, D is countably compact. It is easy to check that every countable and countably compact space is compact. Thus, D is compact. And we see that for each i ∈ {1, 2, ..., n}, C i ⊂ A∩D and so x i ∈ C i ⊂ A ∩ D. Hence we have that if A ∩ D is closed, then x i ∈ A∩D for each i ∈ {1, 2, ..., n} and so x i ∈ A for each i ∈ {1, 2, ..., n}. It is impossible. Thus A ∩ D is not closed, which is a contradiction.
From Theorems 2.18 and 2.20, we obtain directly the following corollary and hence omit the proof.
Corollary 2.21. Let X be a countably compact and submaximal space. Then X has countable tightness if and only if X is a k -space having weakly countable tightness.
We now show properties of a space having weakly countable tightness. is the c-closure of A in X(resp. in Y ). And we have clearly that K is compact in X and A ∩ K is not closed in X. It follows that X does not have weakly countable tightness. This is a contradiction. Proof. Suppose that it is not and let x ∈ [f −1 (B)] X c \ f −1 (B). Then there exists a countable subset C x of f −1 (B) such that x ∈ C x . Clearly, f (C x ) is a countable subset of B and f (x) ∈ f (C x ). Since f is continuous, f (C x ) ⊂ f (C x ) and so f (x) ∈ f (C x ). Hence, f (x) ∈ [B] Y c . By hypothesis; B = [B] Y c , we have f (x) ∈ B; i.e., x ∈ f −1 (B). This is a contradiction. Proof. Suppose that there exist a strongly sequentially closed subset B of Y and a compact subset K of Y such that B ∩ K is not closed. It is easy to show that f −1 (K) is compact in X by hypothesis for f . By Lemma 2.23, f −1 (B) is a strongly sequentially closed subset of X. Since X has weakly countable tightness, f −1 (B) ∩ f −1 (K) is closed. Since f −1 (B)∩f −1 (K) = f −1 (B∩K) and f is open and surjective, f (f −1 (B)∩ f −1 (K)) = B ∩ K and B ∩ K is closed. This is a contradiction.
